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Meshing in 3D+¢ Adaptivity in 2D+¢

t=0 t = somewhere in between t=T

1of 23 Oliver Wege — Space-Time Finite Element Mesh Generation and Adaption for Fluid ~ . Chairfor Rer
Dynamics — Workshop on Triangulations and More General Meshes for Space-Time &0 SRS Somputational
Applications — SoCG 2026, New Brunswick, NJ, USA — June 5, 2026

B Sk & ooy Analysi of Technical

W T? Systems



Space-time finite elements
Discretization of transient continuum problems

Continuous problem (PDE)

Discrete problem
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Space-time finite elements
Discretization of transient continuum problems

Continuous problem (PDE) } At viaFD { Coupled PDEs in space

Discrete problem

FD = Finite Differences
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Space-time finite elements
Discretization of transient continuum problems

Continuous problem (PDE) } At viaFD { Coupled PDEs in space

Method of Rothe

Az via FE

Y

Discrete problem

FD = Finite Differences
FE = Finite Elements
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Space-time finite elements
Discretization of transient continuum problems

. AtviaFD ;
Continuous problem (PDE) } ~{ Coupled PDEs in space
Az via FE Ax via FE
A, A,
Coupled ODEs 1° order in time Discrete problem

FD = Finite Differences
FE = Finite Elements
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Space-time finite elements
Discretization of transient continuum problems

At viaFD

Continuous problem (PDE) }

Az via FE

Method of lines

L

Y

~{ Coupled PDEs in space

Az via FE

Y

Coupled ODEs T order in time I

~ Discrete problem

AtviaFD
FD = Finite Differences
FE = Finite Elements
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Space-time finite elements
Discretization of transient continuum problems

Continuous problem (PDE) } At via FD ~{ Coupled PDEs in space

Az & At

Az via FE . Az via FE
Space-time FE
A,
Coupled ODEs T order in time % - ~ Discrete problem
AtviaFD
FD = Finite Differences
FE = Finite Elements
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Space-time finite elements
Extending the finite element function space to time

= Spatial domain Q, T = 90
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Space-time finite elements
Extending the finite element function space to time

= Spatial domain Q, T = 90
= Slab thickness = time interval
I" e [t "]

= Integration over space and time

/on—I/ﬂ/ondt

Qn
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Space-time finite elements
Extending the finite element function space to time

= Spatial domain Q, T = 90

= Slab thickness = time interval
Pr = 00" x I7

Qn:QnXIn

" e [tn7 tn—i—l]

= Integration over space and time

/on—I/ﬂ/ondt

Qn
/odPZ//odth
pPn Ir
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Space-time finite elements
Fundamental flavors of the time meshing

Prismatic Space-Time

t=T
t T t=0
x
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Space-time finite elements
Fundamental flavors of the time meshing

Prismatic Space-Time Simplex Space-Time
t=T
W -
t T t=0 t I t=0
xT xT
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Space-time finite elements
Fundamental flavors of the time meshing

Prismatic Space-Time

Simplex Space-Time

- t="T t=T
+

tT + t=0 tI t=0
xT
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Space-time finite elements
Fundamental flavors of the time meshing

(Discontinuous) (Continuous)
Prismatic Space-Time Simplex Space-Time
ul(z,t) ul(z,t)
_ t=T t=T
+
t + v t=20 tT va t=20
L; A~
X X I’
!
!
/
//
discontinuous slabs possible here too -~
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Space-time finite elements

Prismatic vs. simplex space-time finite elements )
O white node at t"+!

® black node at "

| Prismatic | Simplex

| 3D 4D | 3D 4D
= Structured mesh extrusion in time = Unstructured mesh extrusion in time
= Global slab thickness At = Enables local time refinement

We assume linear equal-order Lagrange finite elements.
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Overview of our mesh generation pipeline

3D mesh — e.g. Gmsh
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ’
v

[ Convert to our MIXD mesh format ]
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ’
v

l—{ Convert to our MIXD mesh format ]’—l

is 2D+t = 3D space-time mesh ’ [ is 3D+t = 4D space-time mesh

6 of 23 Oliver Wege — Space-Time Finite Element Mesh Generation and Adaption for Fluid Chair for Rer
. ; " Jomputational
Dynamics — Workshop on Triangulations and More General Meshes for Space-Time nalysis of Technical
Applications — SoCG 2026, New Brunswick, NJ, USA — June 5, 2026

ystems



Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ’
v

l—{ Convert to our MIXD mesh format ]’—l

[ is 2D+t = 3D space-time mesh ’ [ is 3D+t = 4D space-time mesh ]

easy peasy :)

[ Mesh Partitioning — ParMETIS wrapper for MIXD ]
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh y

v
l—{ Convert to our MIXD mesh format }—l
[ is 2D+t = 3D space-time mesh ’ [ is 3D+t = 4D space-time mesh ]
easy peasy :) [ 4D mesh — our mesh4d J

[ Mesh Partitioning — ParMETIS wrapper for MIXD ]
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh y
v

l—{ Convert to our MIXD mesh format ]’—l

[ is 2D+t = 3D space-time mesh ’ [ is 3D+t = 4D space-time mesh ]

easy peasy :) [ 4D mesh — our mesh4d J

[ Mesh Partitioning — ParMETIS wrapper for MIXD ]

}
Simulation: \f\‘NS*

* .
our in-house finite element solver (open-source soon)
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ]
v

l—{ Convert to our MIXD mesh format ]’—l

[ is 3D+t = 4D space-time mesh ] !
i
I

[ is 2D+t = 3D space-time mesh ’

[ 4D mesh — our mesh4d ]

easy peasy :)

1
1
1
1
1
I
I
I
|
1

[ Mesh Partitioning — ParMETIS wrapper for MIXD

*
Simulation: '\f@NSH{ Adapt — mesh4d, MMG or Gmsh }

* .
our in-house finite element solver (open-source soon)
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ]
7 AN

l—{ Convert to our MIXD mesh format ]’—l
\\

[ is 3D+t = 4D space-time mesh ]

\
1
I
I
I

[ is 2D+t = 3D space-time mesh ’

!

[ 4D mesh — our mesh4d ]

easy peasy :)

1
1
1
1
1
I
I
I
|
1

[ Mesh Partitioning — ParMETIS wrapper for MIXD

*
Simulation: \fNNSH{ Adapt — mesh4d, MMG or Gmsh }

1)
{ Deform — Elastic Mesh Update Method (EMUM) }

* .
our in-house finite element solver (open-source soon)
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Overview of our mesh generation pipeline

[ 3D mesh — e.g. Gmsh ]
v B .
l—{ Convert to our MIXD mesh format }—l AN
[ is 2D+t = 3D space-time mesh ’ [ is 3D+t = 4D space-time mesh ] |
v

easy peasy :) [ 4D mesh — our mesh4d ]
i
I
i
|
1

[ Mesh Partitioning — ParMETIS wrapper for MIXD

*
Simulation: '\f@NSH{ Adapt — mesh4d, MMG or Gmsh }

1)
{ Deform — Elastic Mesh Update Method (EMUM) }

\
1
I
I
I

1
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* .
our in-house finite element solver (open-source soon)
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Prismatic space-time mesh generation

— o o o | [—e————o o ——

1 2 3 4 nnspace —2  nnspace — 1 nnspace x
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Prismatic space-time mesh generation

[

nn/2+1 nn/2+2 nn/2+3 nn/2+4 nn—2

nn—1 nn
g
1 2 3 4 nn/2—2 nn/2-1 nn/2 x
. . 2 o/ [ —e . * ——
1 2 3 4 nnspace —2  nnspace — 1 nnspace x

= Uniform extrusion of the spatial mesh into an additional time dimension
= Easy to implement and simple to handle
= No local time refinement possible
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mesh4d — Semi-unstructured 4D simplex meshes
Enabling local time refinement

spatial o oo/ | —o TS

mesh 1 2 3 4 nnspace —2  nnspace — 1
element marked for local time refinement

* —
nnspace

T
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mesh4d — Semi-unstructured 4D simplex meshes
Enabling local time refinement

t
2 4 7 10 nn—4 nn—2 nn
Space-
time 6o 9@
nodes
_
1 3 5 8 nn—>5 nn—3 nn—1 z
spatial — e+ o ——o/ [—» . * ——
mesh 1 2 3 4 nnspace —2  nnspace — 1 nnspace x
element marked for local time refinement
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mesh4d — Semi-unstructured 4D simplex meshes
Enabling local time refinement

|
2 4 7 10 nn —4 nn—2 nn
space- o .
time 6 5
elements
_
1 3 5 8 nn—>5 nn—3 nn—1 xr
2 4 7 10 nn—4 nn—2 nn
space-
time K ) )
nodes
_
1 3 5 8 nn—5 nn—3 nn—1 z

spatial - o o ¢ | | —» . s ——
A~ ! T

mesh 1 2 3 4 nnspace —2  nnspace — 1 nnspace
element marked for local time refinement
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mesh4d — Semi-unstructured 4D simplex meshes
Examples from application: Two-phase flow

Injection of a molten polymer in an air-filled cavity

7'E7ng
YIVIVIVE

APl

= Discontinuous simplex space-time mesh
= Level-set-based time refinement around the air-polymer interface
= User-defined width before and after the interface
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stmesh - Towards fully unstructured 4D simplex meshes
Based on [Foteinos and Chrisochoides, 2015]

Input is a segmented 4D image Z C R*

Implicit surface representation

Level-set f : R* — R defines the object:

oQ = {(.’.U,t)|f($8,t) = 0}7

Q= {(2,0)| f(a,1) < 0}.

= f = 0 from voxel sign interpolation
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stmesh - Towards fully unstructured 4D simplex meshes
Based on [Foteinos and Chrisochoides, 2015]

Input is a segmented 4D image Z C R*

Implicit surface representation oo fofojofololol]o

Level-set f : R* — R defines the object: R Rl R N A N

0Q = {(z,t)| f(x,t) =0}, - ’d/l - 0

Q= {(,t)| f(z,t) <0}, B RRE

= f = 0 from voxel sign interpolation

= Boundary conditions in image (1&2) ) o‘\l N 2/,’/0
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stmesh - Towards fully unstructured 4D simplex meshes
Based on [Foteinos and Chrisochoides, 2015]

Input is a segmented 4D image Z C R*

Implicit surface representation oofofofofo]ofofo
Level-set f : R* — R defines the object: oo o ,,47/'1 Neo o | o
0 0 )é 1 1 1 2 2 N . 0

8Q: {(ac,t)|f(sc,t) :0}7 0 ,0" tlr || 2] 2]|2 “0‘

QZ{((I:,t)|f(:B7t)<0}. o':-/’] 1222 2\

= f = 0 from voxel sign interpolation

= Boundary conditions in image (1 & 2) o loka [ 111212240
= Surface extracted via marching cubes o | oo e\u | 2dlo oo
= Triangulation via Delaunay (CGAL) ofofoflololofo]olo
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stmesh - Towards fully unstructured 4D simplex meshes
The algorithm

1. Initialise

- Insert 16 corners of a hyper-box containing Q
- Compute the initial Delaunay triangulation
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stmesh - Towards fully unstructured 4D simplex meshes
The algorithm

1. Initialise

- Insert 16 corners of a hyper-box containing Q
- Compute the initial Delaunay triangulation

2. Inspect

- Scan every pentatope for one of five rule violations:
R1 surface fidelity, R2 element size, R3 aspect ratio and R4/5 slivers
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stmesh - Towards fully unstructured 4D simplex meshes
The algorithm

1. Initialise
- Insert 16 corners of a hyper-box containing Q
- Compute the initial Delaunay triangulation
2. Inspect
- Scan every pentatope for one of five rule violations:
R1 surface fidelity, R2 element size, R3 aspect ratio and R4/5 slivers
3. Refine

- Insert a vertex to fix the highest-priority violation
- The Delaunay property is maintained at all times
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stmesh - Towards fully unstructured 4D simplex meshes
The algorithm

1. Initialise
- Insert 16 corners of a hyper-box containing @
- Compute the initial Delaunay triangulation
2. Inspect
- Scan every pentatope for one of five rule violations:
R1 surface fidelity, R2 element size, R3 aspect ratio and R4/5 slivers
3. Refine
- Insert a vertex to fix the highest-priority violation
- The Delaunay property is maintained at all times
4. Terminate
- Stop when no violation remains
- Output the subset of pentatopes whose circumcenters lie inside Q
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stmesh - Towards fully unstructured 4D simplex meshes
The Five Refinement Rules

Rule Trigger Action

R1  Circumball intersects OQ and no nearby sur- Insert new vertex exactly on 6Q
face vertex exists yet

Priority: R1- R2 - R3 - R4 - R5
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stmesh - Towards fully unstructured 4D simplex meshes
The Five Refinement Rules

Rule Trigger Action

R1  Circumball intersects OQ and no nearby sur- Insert new vertex exactly on 6Q
face vertex exists yet

R2  Circumball intersects OQ but is too large rela-  Insert circumcenter as new vertex
tive to local feature size

Priority: R1- R2 - R3 - R4 - R5
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stmesh - Towards fully unstructured 4D simplex meshes

The Five Refinement Rules

Rule Trigger

Action

R1  Circumball intersects OQ and no nearby sur-
face vertex exists yet

R2  Circumball intersects 6Q but is too large rela-
tive to local feature size

R3  Circumcenter inside @ and radius-to-shortest-
edge ratio too large

Insert new vertex exactly on 6Q
Insert circumcenter as new vertex

Insert circumcenter as new vertex

Priority: R1- R2 - R3 - R4 - R5
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stmesh - Towards fully unstructured 4D simplex meshes

The Five Refinement Rules

Rule Trigger

Action

R1  Circumball intersects OQ and no nearby sur-
face vertex exists yet

R2  Circumball intersects 6Q but is too large rela-
tive to local feature size

R3  Circumcenter inside @ and radius-to-shortest-
edge ratio too large

R4  Circumcenterinside Q and pentatope is a sliver

Insert new vertex exactly on 6Q
Insert circumcenter as new vertex
Insert circumcenter as new vertex

Insert a random good point inside a
picking region around it

Priority: R1- R2 - R3 - R4 - R5
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stmesh - Towards fully unstructured 4D simplex meshes
The Five Refinement Rules

Rule

Trigger

Action

R1

R2

R3

R4

RS

Circumball intersects Q and no nearby sur-
face vertex exists yet

Circumball intersects 6@ but is too large rela-
tive to local feature size

Circumcenter inside @ and radius-to-shortest-
edge ratio too large

Circumcenter inside Q and pentatope is a sliver

Surface tetrahedron constrained on 0Q is a
sliver

Insert new vertex exactly on 6Q
Insert circumcenter as new vertex
Insert circumcenter as new vertex
Insert a random good point inside a
picking region around it

Insert a random good point inside a
picking region around it

Priority: R1- R2 - R3 - R4 - R5
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stmesh - Towards fully unstructured 4D simplex meshes

Isosurface meshing

= The boundary 9@ is never triangulated separately

= Surface vertices are discovered and inserted on-the-fly during refinement
Why not start from a surface mesh of the boundary?

= They inherit small input angles from the segmentation/decimation step
= Small angles degrade quality and can prevent termination
= |sosurface-based methods avoid this entirely
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stmesh - Towards fully unstructured 4D simplex meshes
Rounded edge issue

Desired geometry Actual 3D slice in yzt-hyperplane
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2D+t adaptivity
A posteriori Kelly error estimator [Kelly et al., 1983, De SR Gago et al., 1983]

= CO-continuous finite elements

Z,

€T
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2D+t adaptivity
A posteriori Kelly error estimator [Kelly et al., 1983, De SR Gago et al., 1983]

= CO-continuous finite elements

P

2T

\
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2D+¢ adaptivity
A posteriori Kelly error estimator [Kelly et al., 1983, De SR Gago et al., 1983]

= CO-continuous finite elements, hence

h
K [Vu']
[Vu'] = Vu" —=Vult £ 0 V(z,t) € Py
I
I I
= Space-time element boundary Pk Pg ‘
. . . h I I
= Solution gradient jump [Vu"] ! 7
I
I I
I
Q I
] I
] I
| ] I
I
Vuh
t
x
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2D+¢ adaptivity
A posteriori Kelly error estimator [Kelly et al., 1983, De SR Gago et al., 1983]

= C%-continuous finite elements, hence ;
k [Vu']
[Vu'] = Vu" —=Vul £ 0 V(z,t) € Py

= Space-time element boundary Pk Pg

= Solution gradient jump [Vu"] | :
Kelly error estimator M

h
P Vu
= Constant factor cx o |Pk]| Z
€T
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2D+t adaptivity - isotropic

Flow around moving cylinder

Velocity in z-direction

initial
mesh

refined
mesh

"

t

Kelly error indicators n
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2D+t adaptivity - isotropic

Flow around moving cylinder
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2D+t adaptivity - isotropic

Flow around moving cylinder

2.00
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2D+t adaptivity - anisotropic

Why anisotropic?
= Adapt mesh differently in = than in ¢
= Or even differently in all mesh dims.
= Find optimal mesh for a given u"
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2D+t adaptivity - anisotropic

Why anisotropic?
= Adapt mesh differently in = than in ¢
= Or even differently in all mesh dims.
= Find optimal mesh for a given u"

Element mapping

o] = 7]
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2D+t adaptivity - anisotropic

Why anisotropic?
= Adapt mesh differently in = than in ¢
= Or even differently in all mesh dims.
= Find optimal mesh for a given u"

Element mapping

o] = 7]

T . .

My = R ARy - Jacobian metric

A= diag(\;) - size

T . .
Ry = [rl,....r(/} - orientation
i=1,...,d
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2D+t adaptivity - anisotropic
Anisotropic space-time error estimation

h -Ag - element patch

N

‘K - element
:L- ra—.

1. For each K, assemble a second moment matrix on the surrounding patch A g

Gac(m)= > /n®ndT with = [1g,7]
TEAKT

Original non-space-time version: [Formaggia and Perotto, 2001, Formaggia and Perotto, 2003]
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2D+t adaptivity - anisotropic
Anisotropic space-time error estimation

A\ A - element patch

T <

1. For each K, assemble a second moment matrix on the surrounding patch A g

Gax(m) =Y /n®ndT with — n = [nz, ]
TeAk

2. Use the eigenpairs {g;, 1;},i = 1,...,d of Ga, to construct new size field
{giv N’L}K = {1"2', )‘Z}K

Original non-space-time version: [Formaggia and Perotto, 2001, Formaggia and Perotto, 2003]
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From semi-discrete to unstructured space-time

2D+t adaptivity
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2D+t adaptivity - anisotropic
From semi-discrete to unstructured space-time
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2D+t adaptivity - anisotropic
From semi-discrete to unstructured space-time
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currently struggling with good anisotropy —__ 4
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Space-time side quests
Time-periodicity

The problem

= The time period 7" has to be estimated a priori
= Finding T as part of solving the PDE problem - in progress -
= Phase condition has to be enforced - in progress -
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Space-time side quests

Solid mechanics Elasto-plasticity (local load substeps)

Linear elasticity

23 of 23 Oliver Wege — Space-Time Finite Element Mesh Generation and Adaption for Fluid
Dynamics — Workshop on Triangulations and More General Meshes for Space-Time
Applications — SoCG 2026, New Brunswick, NJ, USA — June 5, 2026

% Computational

% Analysis of Technical



Looking forward to the discussion with you!
Oliver Wege, Norbert Hosters, Marek Behr

Chair for Computational Analysis of Technical Systems (CATS)
RWTH Aachen University, Aachen, Germany
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