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Background

Numerical Solutions to PDEs

• Objective: efficiently and accurately solve PDEs on triangulations T in Rd

• Approach: node-centered, edge-based schemes. Each node of the triangulation pj can be
surrounded by a “dual region” which is a cellular region that contains the node

• We seek to construct regions (finite volumes) over which conservation properties of the PDEs can be
enforced

• Primal regions: the cells T of the triangulation T

• Dual regions: the dual cells DR(pj) of the triangulation T
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Background

Node-Centered Edge-Based Methods

• Strengths:
– Computational cost. Their “edge-based’ structure makes them extremely cost-effective.

Estimated to require almost 10x less FLOPS than cell-based methods on 4D triangulations

– Robustness. They can operate successfully on triangulations with zero or negative volume cells

– Heritage. They are the foundation of many modern computational fluid dynamics (CFD) codes,
such as NASA’s FUN3D

• Weaknesses:
– Complexity. They are intuitively less natural than cell-based methods.

– Geometry. Although the dual regions do not need to be explicitly formed, one must still calculate
the volumes V (pj) of the dual regions and the so-called “directed hyperarea vectors” associated
with the edges njk
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Background

Requirements for Dual Regions

In principle, dual regions can be formed on any tessellation in Rd. However, not all dual regions are
equally useful. We require that:

1. The dual cell for a given node must contain the node.

2. The dual cell must be contained within the union of all d-simplices which share the node.

3. The dual cell must be simply connected.

4. The aggregate hypervolumes of the dual tessellation and the original triangulation must be identical.

• Requirements 1 and 2 enforce locality
• Requirements 3 and 4 enforce conservation
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Background

Options for Dual Regions

• Median-dual regions: formed by connecting the centroids of the 1-simplices, 2-simplices, . . .,
(d− 1)-simplices, and d-simplices which share a given node

• Centroid-dual regions: formed by connecting the centroids of all d-simplices which share a given
node

• Incenter-dual, Orthocenter-dual, Circumcenter-dual regions: formed by connecting the
incenters, orthocenters, or hypercircumcenters of all d-simplices which share a given node

Note: we discard centroid-dual, orthocenter-dual, and circumcenter-dual regions because they often fail
to contain the central node of interest. We discard incenter-dual regions because of the complexity of
computing the incenter of a d-simplex for general values of d



5/25

Background

Median-Dual Regions (blue) Centroid-Dual Regions (red)
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Background

Median-Dual Regions (blue) Incenter-Dual Regions (green)
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Background

Options for Dual Regions

• Voronoi regions: formed by taking the dual of a Delaunay triangulation Tdel in Rd. The dual cell
around pj is the set of all points which are closer to pj than to any other point in the triangulation
Tdel

• Laguerre regions: formed by taking the dual of a weighted-Delaunay triangulation Tdel,ω in Rd.
The dual cell around pj is the set of all points which are closer to the hypersphere centered at pj

than to any other hypersphere in the weighted triangulation Tdel,ω

Note: we discard Voronoi regions and Laguerre regions because they require Delaunay triangulations and
weighted-Delaunay triangulations, respectively. Oftentimes, such triangulations will not be available to
us, especially after adaptive refinement procedures
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Background

Median-Dual Regions (blue) Voronoi-Dual Regions (magenta)
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Background

Median-Dual Regions

Properties
• All geometric requirements (1–4) are met. We can enforce locality of the dual cell MDR(pj) to the

node pj , and we can enforce conservation

• The dual cell is generally, non-convex

• The geometric quantities, like the volume V (pj) and directed-hyperarea vectors njk are “easy” to
construct
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Geometric Properties

The Vertex Star
We introduce the set of q-simplices which share the point pj

T(q)
j ≡

{
T

(q)
j,1 , T

(q)
j,2 , . . . , T

(q)
j,k , . . . , T

(q)
j,Mq

}
,

along with their centroids

C(q)j ≡
{
c
(q)
j,1 , c

(q)
j,2 , . . . , c

(q)
j,k, . . . , c

(q)
j,Mq

}
,

where 1 ≤ k ≤Mq, Mq = card
(
T(q)
j

)
, and 1 ≤ q ≤ d.

The supersets of simplices and centroids are denoted by

Tj ≡
{
T(1)
j ,T(2)

j , . . . ,T(q)
j , . . . ,T(d)

j

}
, Cj ≡

{
C(1)j , C(2)j , . . . , C(q)j , . . . , C(d)j

}
.
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Geometric Properties

The Edge Star
We introduce the set of q-simplices that share the edge pk − pj

T(q)
jk ≡

{
T

(q)
jk,1, T

(q)
jk,2, . . . , T

(q)
jk,v, . . . T

(q)
jk,Nq

}
,

where 1 ≤ v ≤ Nq and Nq = card
(
T(q)
jk

)
, along with their centroids

C(q)jk ≡
{
c
(q)
jk,1, c

(q)
jk,2, . . . , c

(q)
jk,v, . . . c

(q)
jk,Nq

}
.

We can also consider the supersets

Tjk =
{
T(1)
jk ,T

(2)
jk , . . . ,T

(q)
jk , . . . ,T

(d)
jk

}
, Cjk =

{
C(1)jk , C(2)jk , . . . , C(q)jk , . . . , C(d)jk

}
.
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Geometric Properties

The Median-Dual Region in Rd

Consider a point pj in a d-simplicial triangulation. We can form the median-dual region for pj by
taking the union of the convex hulls of the centroids (in the superset Cj) which belong to each

d-simplex T
(d)
j,k , where each simplex shares the vertex pj and 1 ≤ k ≤Md.
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Geometric Properties

The Median-Dual Region in Rd

Equivalently, the median-dual region (MDR) around pj is given by the following

MDR(pj) =

Md⋃
k=1

conv
(
c ∈

(
Cj ∩ T

(d)
j,k

))
,

where c is a generic centroid that belongs to the intersection of Cj and T
(d)
j,k ∈ T(d)

j . In general, the
centroids c are not just volumetric centroids, but they are also the centroids of (d− 1)-faces,
(d− 2)-faces, . . ., and 1-faces (edges) which share the vertex pj .
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Geometric Properties

Lemma 1: (Median-Dual Hypervolume)
The hypervolume of the median-dual region around pj is given by the following formula

V (pj) =
1

d+ 1

Md∑
k=1

∣∣∣T (d)
j,k

∣∣∣ , (1)

where T
(d)
j,k ∈ T(d)

j is a d-simplex that shares the node pj , and

∣∣∣T (d)
j,k

∣∣∣ = vol
(
T

(d)
j,k

)
, (2)

is the hypervolume of the simplex.
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Geometric Properties
Definition 1: (Directed-Hyperarea Vectors)
Consider a point pj in a d-simplicial triangulation. The directed-hyperarea vectors are denoted by

{nj1,nj2, . . . ,njk, . . . ,njM1
} , (3)

where the vector njk has a positive dot product with the edge vector from node pj to node pk

njk · (pk − pj) > 0. (4)

Furthermore

njk ≡
∑

T∈
{
T(d)
jk

}n
(
HT
)
, (5)

where n
(
HT
)

is the lumped-normal vector of the (d− 1)-hypercuboid face that is constructed from
centroids which are contained in each T
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Geometric Properties
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Theoretical Results

Objective We seek to compute the volume of the median-dual region V (pj) and the directed-hyperarea
vector njk without explicitly forming the median-dual region itself MDR(pj).

• Computing and storing median-dual regions is not a trivial task in Rd

• We desire an edge-based strategy for computing the geometric quantities, rather than a node- or
cell-based strategy

• We desire a strategy that limits the amount of geometric information which must be stored
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Theoretical Results

Theorem 1: (Hypervolume Identity in Rd) The following relationship between the hypervolume of the
median-dual region V (pj) and the directed-hyperarea vectors njk holds

V (pj) =
1

d2(d+ 1)

M1∑
k=1

 ∑
T∈

{
T(d)
jk

} (pk − pj) · nT
j

 (6)

=
1

2d

M1∑
k=1

(pk − pj) · njk. (7)

It is important to note that the first line holds in all cases, whereas the second line only holds if we
assume that Conjecture 1 holds
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Theoretical Results

Conjecture 1: (Directed-Hyperarea Vector Identity in Rd) Suppose that
we construct a median-dual region around an interior point pj ∈ Rd. In
addition, let a generic adjacent edge be denoted by pk − pj . Under these
circumstances, the following identity holds

njk =
2

d(d+ 1)

∑
T∈

{
T(d)
jk

}nT
j , (8)

where nT
j is a normal vector associated with the (d− 1)-face of T opposite

pj . We note that nT
j has a magnitude which is equal to the hypervolume

of the opposite face, i.e.
∥∥nT

j

∥∥ = |oppj(T )|.
We prove this conjecture in what follows
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p1

Conjecture 1: proof in 3 steps

p3

p4

a b

d

V (abc) = 1
12V (ap3p4)

c

a = p1+p2

2 b = p1+p2+p3

3 c = p1+p2+p3+p4

4

V (HT ) = 2V (abc)

d = p1+p2+p4

3

V ( a p3p4)+V ( a p4p5)+V ( a p5p6)+V ( a p6p3)

V (p2 p3p4)+V (p2 p4p5)+V (p2 p5p6)+V (p2 p6p3)

=

1. Combinatorial identity

2. Determinental identity

3. Geometric identity

p5

p6

p2

V (·): area of the projection on x2, x3

⇒ V (HT ): first coordinate of n(HT )

n(HT ): vector normal to HT , of magnitude the area of HT
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Conjecture 1: proof in 3 steps

p3

p4

a b

d

V (abc) = 1
12V (ap3p4)

c

a = p1+p2

2 b = p1+p2+p3

3 c = p1+p2+p3+p4

4

V (HT ) = 2V (abc)

d = p1+p2+p4

3

V ( a p3p4)+V ( a p4p5)+V ( a p5p6)+V ( a p6p3)

V (p2 p3p4)+V (p2 p4p5)+V (p2 p5p6)+V (p2 p6p3)

=

1. Combinatorial identity

2. Determinental identity

3. Geometric identity

p5

p6

p2

V (·): area of the projection on x2, x3

⇒ V (HT ): first coordinate of n(HT )

n(HT ): vector normal to HT , of magnitude the area of HT



21/25

V (abc) = 1
12V (ap3p4)

V (a0 · · · ad−1) = 2
(d+1)!V (a0p3 · · · pd+1)

Dimension 3

Dimension d

a = p1+p2

2 b = p1+p2+p3

3 c = p1+p2+p3+p4

4

a0 = p1+p2

2 ak =
p1+p2+pi1

+···+pik

k+2 ad−1 = p1+···+pd+1

d+1

V (HT ) = 2V (abc)

V (HT ) = (d− 1)!V (a0 · · · ad−1)

p1

p2

p3

p4

a b

d
c

p5

p6

∑
V (apipi+1) =

∑
V (p2pipi+1)

∑
V (a0ET ) =

∑
V (p2ET )

∑
V (apipi+1) =

∑
V (p2pipi+1)

Conjecture 1 : proof in 3 steps
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p1

Determinental identity

p2

p3

p4

a b

d

V (abc) = 1
12V (ap3p4)

Dimension 3

c

a = p1+p2

2 b = p1+p2+p3

3 c = p1+p2+p3+p4

4

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

p1+p2

2
p1+p2+p3

3
p1+p2+p3+p4

4

x2

x3

Sketch of proof

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1

3
1
4

∣∣∣∣∣∣∣∣

p1+p2

2
p3

3
p4

4

=

− 3
4 ·− 2

3 ·
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p1

Determinental identity

p2

p3

p4

a b

d

V (abc) = 1
12V (ap3p4)

Dimension 3

c

a = p1+p2

2 b = p1+p2+p3

3 c = p1+p2+p3+p4

4

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

p1+p2

2
p1+p2+p3

3
p1+p2+p3+p4

4

x2

x3

Sketch of proof

p1+p2

2

=

− 3
4 ·− 2

3 ·

1
12

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

p3 p4
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p1

Determinental identity

p2

p3

p4

a b

d

V (a0 · · · ad−1) = 2
(d+1)!V (a0p3 · · · pd+1)

c

Dimension d

a0 = p1+p2

2 ak =
p1+p2+pi1

+···+pik

k+2 ad−1 = p1+···+pd+1

d+1

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

p1+p2

2 · · · p1+···+pd+1

d+1

x2

x3

Sketch of proof

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1

k
1

d+1

∣∣∣∣∣∣∣∣

p1+p2

2
pk

k
pd+1

d+1

=

− d
d+1 ·− 2

3 ·

· · · · · ·
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p1

Determinental identity

p2

p3

p4

a b

d

V (a0 · · · ad−1) = 2
(d+1)!V (a0p3 · · · pd+1)

c

Dimension d

a0 = p1+p2

2 ak =
p1+p2+pi1

+···+pik

k+2 ad−1 = p1+···+pd+1

d+1

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

p1+p2

2 · · · p1+···+pd+1

d+1

x2

x3

Sketch of proof

p1+p2

2

=

− d
d+1 ·− 2

3 ·

· · · · · ·

2
(d+1)!

∣∣∣∣∣∣∣∣
...

...
...

...
...

...
1 1 1

∣∣∣∣∣∣∣∣

pk pd+1



23/25

Geometric identity

p1

p3

p4

p2

p5

p6

p1

p3

p4

p2

a

p5

p6

=

=

Area of a polytope: independent of the triangulation

Projections define the same polytope
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Gathering the results

Identities

p1

p2

p3

p4

a b

d
c

p5

p6

⇒ V (HT ) = 2
d(d+1)V (a0ET )

{ V (a0 · · · ad−1) = 2
(d+1)!V (a0p3 · · · pd+1)

V (HT ) = (d− 1)!V (a0 · · · ad−1)

∑
V (a0ET ) =

∑
V (p2ET )

⇒
∑

V (HT ) = 2
d(d+1)V (p2ET )︸︷︷︸

first coordinate of nT
1

⇒ n12 = 2
d(d+1)

∑
nT
1

Proof conclusion
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Thank you!


